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Abstract
A method to approximate ab initio shielding constants is presented, in which the ab initio density matrix is
replaced in the gauge invariant atomic orbital formalism with the density matrix resulting from an effective
fragment potential calculation. The resulting first-order density matrix is then iterated to self-consistency. The
method is compared with fully ab initio gauge invariant atomic orbital restricted Hartree–Fock calculations on
hydrogen chloride, water, and ammonia solutes with up to nine solvent water molecules using the 6-31G,
6-31G(d,p), and 6-31+G(d,p)basis sets. Using the 6-31G(d,p)basis sets, the average of the average absolute
deviations for the three environments tested is 0.34 ppm. This is sufficiently accurate to allow for the
identification of specific 1H nuclei in a solvated molecule when the chemical shift between nuclei is not less
than 1 ppm. The success of the method at this level of approximation is due to a cancellation of errors between
the paramagnetic and diamagnetic terms of the shielding constant: the diamagnetic term is underestimated by
roughly the same amount that the paramagnetic term is overestimated.
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Predicting shielding constants in solution using gauge invariant atomic
orbital theory and the effective fragment potential method
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A method to approximate ab initio shielding constants is presented, in which the ab initio density
matrix is replaced in the gauge invariant atomic orbital formalism with the density matrix resulting
from an effective fragment potential calculation. The resulting first-order density matrix is then
iterated to self-consistency. The method is compared with fully ab initio gauge invariant atomic
orbital restricted Hartree–Fock calculations on hydrogen chloride, water, and ammonia solutes with
up to nine solvent water molecules using the 6-31G, 6-31G(d ,p), and 6-311G(d ,p) basis sets.
Using the 6-31G(d ,p) basis sets, the average of the average absolute deviations for the three
environments tested is 0.34 ppm. This is sufficiently accurate to allow for the identification of
specific 1H nuclei in a solvated molecule when the chemical shift between nuclei is not less than 1
ppm. The success of the method at this level of approximation is due to a cancellation of errors
between the paramagnetic and diamagnetic terms of the shielding constant: the diamagnetic term is
underestimated by roughly the same amount that the paramagnetic term is overestimated. © 2004
American Institute of Physics. @DOI: 10.1063/1.1626629#
I. INTRODUCTION
Nuclear magnetic resonance ~NMR! spectroscopy has
been an invaluable source of information on molecular struc-
ture since its inception during the winter of 1945–46 by
Bloch et al.1 and independently by Purcell et al.2 Since 1974,
there has also been significant development in the ab initio
theory of NMR shielding constants. In that year, Ditchfield
used London’s gauge invariant atomic orbitals3 ~GIAO! to
devise a method for calculating chemical shielding
constants4 that has proven to be quite popular and accurate,
especially when applied in the context of highly correlated
ab initio methods, such as perturbation theory and coupled
cluster theory.5 Traditionally, these calculations are carried
out in the gas phase, and the lack of consideration for solvent
effects is one of the more obvious sources of discrepancy
between experimental reality and theoretical models.
Several methods have been developed for treating sol-
vent effects on NMR spectra; these have been reviewed re-
cently by Helgaker, Jaszunski, and Ruud,5 and will only be
summarized here. Due to the large size of the typical sol-
vated system, the majority of the research has focused on a
‘‘supermolecule’’ SCF description, which at the HF level
does not include dispersion effects. This approach has all the
well-known advantages and disadvantages of a typical super-
molecule calculation; an example of the latter is computa-
tional cost. There have also been attempts to use continuum
models of solvation, which describe the electrostatic effects
of the solvent without treating a discrete solvent explicitly.
One is the GIAO/~multiconfigurational! self-consistent reac-
tion field ~MCSCRF! method due to Mikkelsen et al.,6 and
another is the IGLO/polarizable continuum model ~PCM! of
Cremer et al.7 In the MCSCRF model, the molecule is
placed within a spherical cavity, and the energy of interaction
between the molecule and the continuum is written as a mul-
tipolar expansion. In the IGLO/PCM model, the molecular
cavity is more complex; each atom is surrounded by a
sphere, and point charges placed on the cavity surface are
used as a tool to model the interaction of the solute with the
continuum. With the popularity of QM/MM methods, such
as the effective fragment potential ~EFP! method described
below, there have been attempts to use these types of meth-
ods to calculate shielding constants. The main focus has been
on molecular dynamic techniques using empirical potentials;
see the Helgaker review5 for details and references.
Over the last decade, the EFP method has been quite
successful in modeling the effects of a discrete solvent in a
variety of environments,8 including water clusters,9 biomo-
lecular systems,10 and at the interface with continuum mod-
els for solvation.11 In principle, the EFP method can be ap-
plied to any solvent consistent with the RHF, DFT,12 or MP2
formalisms, but for this study we will restrict ourselves to the
RHF method to maintain consistency with the RHF/GIAO
theory.
The present paper describes a method for calculating iso-
tropic shielding constants in solution using the EFP method
coupled with GIAO theory. In Sec. II, we will briefly de-
scribe the formalism behind the GIAO and EFP methods,
and show how the two can be coupled using a simple ap-
proximation. In Sec. III, we will compare the results of the
EFP/GIAO calculations with RHF/GIAO for water, ammo-
nia, and hydrogen chloride using the 6-31G, 6-31G(d ,p),a!Electronic mail: mark@si.fi.ameslab.gov
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and 6-311G(d ,p) basis sets. A summary of our findings is
presented in Sec. IV. The entire procedure described here has
been implemented in the electronic structure code GAMESS.13
II. THEORY
A. GIAO
The procedure for deriving and implementing gauge in-
variant atomic orbital ~GIAO! theory has been well described
in other papers,4,14–16 and we begin here with the results of
those derivations. Using the GIAO formalism, the expression
for the RHF nuclear magnetic resonance ~NMR! shielding
constant on nucleus B is given by the second-rank tensor17
sBab5(
nl
$~Pnl
~1,0!!a~HBnl
~0,1!!b1Pnl
~0 !~HBnl
~1,1!!ab%, ~1!
where a and b represent any of the three Cartesian dimen-
sions: x, y, or z. (Pnl(1,0))a is the first-order density matrix, a
first derivative of the density matrix with respect to the ex-
ternal magnetic field. (HBnl(0,1))b is the first derivative of the
core Hamiltonian with respect to the nuclear magnetic mo-
ments
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A8~r! is the vector potential representing the total magnetic
field, and the xn’s are the GIAOs. (HBnl(1,1))ab is the second
derivative of the core Hamiltonian with respect to both the
external magnetic field and the nuclear magnetic moments,
and finally, Pnl
(0) is the unperturbed RHF density matrix. For
full details, the reader is referred to Ditchfield.4 The first term
of the shielding tensor, which includes the first-order density
matrix, is typically referred to as the ‘‘paramagnetic’’ term,
and the second is the ‘‘diamagnetic’’ term.
The first-order density matrix (Pnl(1,0))a5Pa(1,0) is also a
function of the unperturbed RHF density matrix
Pa
~1,0!52
1
2 P
~0 !Sa~1,0!P~0 !
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K
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(
L
unocc
cK
1~Fa
~1,0!2eKSa~1,0!!cL
~eK2eL!
3~cKcL
12cLcK
1!, ~4!
where Sa(1,0) is the first derivative of the overlap matrix with
respect to the external field, Fa
(1,0) is the first-order Fock ma-
trix, cK and cL are column vectors of the unperturbed occu-
pied and virtual orbitals, respectively, and eI is the energy of
orbital I. Since the first-order Fock matrix is also a function
of the first-order density matrix, this expression must be it-
erated to self-consistency.
B. The effective fragment potential
The EFP method has been well described in other
papers;8,9 we summarize its main points here. The EFP
method for treating discrete solvent effects begins with the
ab initio Hamiltonian of the ‘‘solute,’’ which may include a
small number of solvent molecules. This ab initio part of the
system may be at the Hartree–Fock ~HF!, density functional
~DFT!, second-order perturbation theory ~MP2!, or multicon-
figuration self-consistent field ~MCSCF! levels of theory. As
noted above, the focus here is on the simplest HF approach.
The remaining solvent molecules are then treated by adding
their effect on the system as one-electron terms in the ab
initio Hamiltonian
H5HAR1V , ~5!
where H is the Hamiltonian for the entire system, HAR is the
ab initio Hamiltonian of the ‘‘solute,’’ or active region, and V
represents the one-electron terms that describe the potential
due to the fragment molecules.
The potential V includes ab initio–fragment, ab
initio~nuclei!–fragment, and fragment–fragment interac-
tions, each including three terms representing electrostatic,
polarization, and exchange repulsion/charge transfer interac-
tions ~except there are no exchange repulsion/charge transfer
terms in the ab initio~nuclei!–fragment interaction!
FIG. 1. 1H shielding constants for solvated hydrogen
chloride using the EFP/GIAO and RHF/GIAO methods
and the 6-31G(d ,p) basis set.
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Here, m labels the fragments, s labels the ab initio electronic
coordinates, Velec is the electrostatic potential, Vpol is the
polarization, and V rep is the exchange repulsion/charge trans-
fer. k indexes the points of a distributed multipolar expansion
representing the charge density on the fragment, l indexes the
centroids of localized orbitals on the fragment; polarizabil-
ities are calculated at these points and are allowed to interact
with one another and the ab initio region. m indexes the
nuclei and center of mass of the fragment to allow for a fitted
representation of those interactions at the HF level that can-
not be attributed to electrostatics or polarization in the first
two terms of Eq. ~6!.
In the presence of EFP waters, the electron density of the
ab initio region will be perturbed, and this information is
carried in the ab initio density matrix. Since we have yet to
include the effects of an external magnetic field and nuclear
magnetic moments, this density matrix is considered unper-
turbed in the context of Eqs. ~1! and ~4!.
C. Coupling of GIAO and EFP
The simplest way to include information about solvent
effects into the GIAO formalism is to substitute the ab initio
density matrix in the presence of EFP waters into Eq. ~1! and
also into Eq. ~4!, where the resulting first-order density ma-
trix is iterated to self-consistency. In this approximation, the
solvent nuclei do not directly affect the shielding constant of
the ab initio nuclei through (HBnl(0,1))b and (HBnl(1,1))ab , but
rather only through the density matrix, Pnl
(0) and the relaxed
first-order density matrix, (Pnl(1,0))a . This simple approxima-
tion leads to surprisingly accurate predictions of shielding
constants for protons through a cancellation of error between
the diamagnetic and paramagnetic terms, as they have been
defined above.
FIG. 2. General water geometry for the hydrogen bond donor and acceptor.
The boxed water is the ab initio water under investigation.
FIG. 3. General water geometry for the double hydrogen bond donor. The
boxed water is the ab initio water under investigation.
TABLE I. Average deviations between EFP/GIAO chemical shifts and
RHF/GIAO chemical shifts for all nuclei in the given species ~RHF/GIAO–
EFP/GIAO! in ppm. Averages are over 1–9 solvent waters.
Species Basis set Nucleus
Average
diamagnetic
deviation
Average
paramagnetic
deviation
Total
average
deviation
HCl 6-31G Cl 1.78 229.06 227.28
H 3.81 22.86 0.94
6-31G(d ,p) Cl 2.08 252.32 250.25
H 3.56 23.85 20.29
6-311G(d ,p) Cl 1.70 264.58 262.87
H 2.68 23.34 20.66
H2O 6-31G O 4.10 24.18 20.08
~D–D! H1 2.63 22.68 20.05
H2 2.19 22.36 20.17
6-31G(d ,p) O 2.72 29.34 26.62
H1 2.68 23.03 20.35
H2 2.38 22.86 20.48
6-311G(d ,p) O 3.10 219.83 216.73
H1 2.21 22.54 20.33
H2 1.89 22.31 20.43
H2O 6-31G O 1.32 219.73 218.41
~A–D! H1 1.33 21.04 0.29
H2 0.95 21.75 20.80
6-31G(d ,p) O 1.90 226.31 224.41
H1 1.71 21.61 0.10
H2 1.27 21.52 20.24
6-311G(d ,p) O 2.54 230.30 227.76
H1 1.52 21.98 20.46
H2 1.33 22.02 20.69
NH3 6-31G N 21.66 222.31 223.97
H1 2.43 22.76 20.33
H2 2.01 22.35 20.34
H3 1.30 21.43 20.13
6-31G(d ,p) N 2.41 228.25 225.84
H1 3.52 23.78 20.26
H2 3.19 23.52 20.33
H3 2.02 22.40 20.38
6-311G(d ,p) N 3.09 230.05 226.95
H1 3.05 23.49 20.43
H2 2.93 23.37 20.44
H3 2.01 22.48 20.47
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III. RESULTS AND DISCUSSION
To test the effectiveness of the EFP/GIAO method, we
compare the shielding constants with those for RHF/GIAO
calculations. For the ab initio region, we have chosen water,
ammonia, and hydrogen chloride solvated by up to nine EFP/
RHF waters. Equilibrium geometries were found at the EFP/
6-31G, EFP/6-31G**, and EFP/6-311G** levels of theory.
Only a single local minimum was found for each additional
solvent water, and no attempt was made to find the global
minimum, since we simply wish to compare the EFP/GIAO
results with the RHF/GIAO results at well-defined, but oth-
erwise relatively arbitrary, geometries.
For purposes of evaluation, the average absolute devia-
tion ~AAD! is defined as the average of the absolute differ-
ence between the RHF/GIAO shielding constants and the
EFP/GIAO shielding constants over the range of 1–9 solvent
waters. The percent AAD is defined as the AAD divided by
the average of the RHF shielding constants over the range of
1–9 solvent waters.
A. Hydrogen chloride
The AAD between the EFP/GIAO method and the RHF/
GIAO method for the 1H shielding constant in hydrogen
chloride are 0.94, 0.35, and 0.66 ppm for the 6-31G,
6-31G(d ,p), and 6-311G(d ,p) basis sets, respectively. The
percent AAD for the three basis sets is 3.27%, 1.37%, and
2.63%, respectively. Figure 1 shows a plot of these data for
the 6-31G(d ,p) basis as each of the nine solvent waters are
added, and shows that the EFP/GIAO predictions track well
with the ab initio results. As can be seen from Table I, the
favorable results are due to a cancellation of error between
the diamagnetic and paramagnetic terms of the shielding
constant. The EFP/GIAO method tends to underestimate the
diamagnetic contribution to the shielding constant by the
same amount that it overestimates the paramagnetic contri-
bution. This is a general trend that is true for all molecules
tested. This cancellation of errors is not entirely surprising,
as the success of the Gn18 methods in predicting thermody-
namic quantities is due in large part to similar cancellation of
errors.
The method works less well for the shielding constant on
the chlorine nucleus. The AAD between the EFP/GIAO and
RHF/GIAO shielding constants is 27.28, 50.25, and 62.87
ppm, corresponding to percent AADs of 2.68%, 5.00%, and
6.32% for the 6-31G, 6-31G(d ,p), and 6-311G(d ,p) basis
sets, respectively. In this case, Table I shows that using the
EFP density matrix as an initial guess in the first-order den-
sity matrix results in a less accurate paramagnetic term in the
shielding constant, as compared to 1H. However, the errors
in the diamagnetic term are similar to those for 1H at the
EFP/GIAO level, and the favorable cancellation of error be-
tween the two terms of the shielding constant is lost for
heavy atoms. This trend is also seen for oxygen in water and
nitrogen in ammonia.
B. Water
Water was tested in two separate molecular solvation
environments. Figure 2 shows the first general geometry,
where the ab initio water is both a hydrogen bond donor and
acceptor. Figure 3 shows the second general geometry, where
the ab initio water is now a hydrogen bond donor only. As
more solvent water molecules were added, this general char-
FIG. 4. 1H shielding constants for solvated water with a
hydrogen bond donor and acceptor using the EFP/
GIAO and RHF/GIAO methods and the 6-31G(d ,p)
basis set.
FIG. 5. 1H shielding constants for solvated water with
two hydrogen bond donors using the EFP/GIAO and
RHF/GIAO methods and the 6-31G(d ,p) basis set.
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acteristic remained the same for both cases, and we will refer
to the first geometry as ‘‘A–D’’ and the second geometry as
‘‘D–D.’’
For the A–D geometry, the AAD between the EFP/
GIAO method and the RHF/GIAO method for the 1H shield-
ing constants in water are 0.57, 0.22, and 0.58 ppm for the
6-31G, 6-31G(d ,p), and 6-311G(d ,p) basis sets, respec-
tively. The percent AAD for the three basis sets is 1.84%,
0.73%, and 1.97%, respectively. Figure 4 shows that the
splitting between the two 1H nuclei is on the order of 5 ppm,
and the EFP/GIAO method is capable of distinguishing be-
tween the two proton environments.
For the A–D geometry, the AAD for the shielding con-
stant on the oxygen nucleus is given by 21.14, 25.72, and
28.95 ppm, corresponding to percent AADs of 6.31%,
7.45%, and 8.59% for the 6-31G, 6-31G(d ,p), and 6-31
1G(d ,p) basis sets, respectively.
For the D–D geometry, the errors are similar on the 1H
nuclei: 0.28, 0.45, and 0.42 ppm for the 6-31G, 6-31G(d ,p),
and 6-311G(d ,p) basis sets, respectively. The percent AAD
for the three basis sets is 0.91%, 1.51%, and 1.45%, respec-
tively. However, since the two 1H nuclei are in similar
chemical environments, the splitting between the two shield-
ing constants is on the order of just 1 ppm. Under these
conditions, Fig. 5 shows the EFP/GIAO method is not accu-
rate enough to distinguish between the two nuclei.
For the D–D geometry, the AAD for the shielding con-
stant on the oxygen nucleus is given by 11.78, 10.37, and
17.03 ppm, corresponding to percent AADs of 3.52%,
3.01%, and 5.08% for the 6-31G, 6-31G(d ,p), and 6-31
1G(d ,p) basis sets, respectively.
C. Ammonia
The AAD between the EFP/GIAO method and the RHF/
GIAO method for the three 1H shielding constants in ammo-
nia are 0.60, 0.34, and 0.47 ppm for the 6-31G, 6-31G(d ,p),
and 6-311G(d ,p) basis sets, respectively. The percent AAD
for the three basis sets is 1.83%, 1.07%, and 1.52%, respec-
tively. Figure 6 shows a plot of the data for the 6-31G(d ,p)
basis set, and it is noted that under most solvation conditions,
it is possible to distinguish among the three different 1H
environments in solvated ammonia when there is a signifi-
cant shift of the 1H shielding constants relative to one an-
other.
The AAD for the shielding constant on the nitrogen
nucleus is given by 26.42, 30.08, and 30.50 ppm, corre-
sponding to percent AADs of 10.98%, 11.13%, and 11.24%
for the 6-31G, 6-31G(d ,p), and 6-311G(d ,p) basis sets,
respectively.
IV. CONCLUSIONS
A method to approximate ab initio shielding constants
has been presented, in which the ab initio density matrix is
replaced in the GIAO formalism with the density matrix re-
sulting from an EFP calculation. The major advantage to this
method is cost: the time required to calculate the GIAO
shielding constants for an ab initio piece with an arbitrary
number of EFP solvent waters is the same as the time re-
quired to calculate the shielding constants for the unsolvated
ab initio piece. The only increase in computation demands is
that required to calculate the density matrix in the presence
of the effective fragments. For fully ab initio calculations,
the time required to calculate the energy and GIAO shielding
constants increases rapidly with the number of solvent mol-
ecules.
The method has been tested on hydrogen chloride, water,
and ammonia solutes with up to nine solvent water mol-
ecules. The average absolute deviations of the proton shifts
relative to the RHF/GIAO calculations range from 0.2 to 0.9
ppm, with most results near 0.4 ppm. This is sufficiently
accurate to allow the identification of specific 1H nuclei in a
solvated molecule when the chemical shift between nuclei is
near 1 ppm. The success of the method at this level of ap-
proximation is due to a cancellation of errors between the
paramagnetic and diamagnetic terms of the shielding con-
stant, where the diamagnetic term is underestimated by
roughly the same amount that the paramagnetic term is over-
estimated.
This error cancellation does not occur for the nuclei of
heavy atoms tested, and the method cannot be considered
reliable for the prediction of shielding constants for heavy
atom nuclei in solution. It appears that for heavy atoms the
solvent effects need to be built directly into the full Hamil-
tonian.
Of the three basis sets tested, the best results occurred
with the 6-31G(d ,p) set in three out of four trials. The
AADs for these runs were 0.35, 0.22, 0.45, and 0.34 ppm, for
an average of 0.34 ppm.
FIG. 6. 1H shielding constants for solvated ammonia
using the EFP/GIAO and RHF/GIAO methods and the
6-31G(d ,p) basis set.
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